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Abstract. Let M = G/T be a compact nilmanifold endowed with an invariant 
complex structure. We prove that, on an open set of any connected component 
of the moduli space C(g) of invariant complex structures on M, the Dolbeault 
cohomology of M is isomorphic to the one of the differential bigraded algebra 
associated to the complexification g c of the Lie algebra of G. To obtain this 
result, we first prove the above isomorphism for compact nilmanifolds endowed 
with a rational invariant complex structure. This is done using a descending 
series associated to the complex structure and the Borel spectral sequences for 
the corresponding set of holomorphic fibrations. Then we apply the theory of 
Kodaira-Spencer for deformations of complex structures. 



1. Introduction 

Let M be a compact nilmanifold of real dimension 2n. It follows from a result 
of Mal'cev Jl6| that M = G/T where G is a simply connected (s + l)-step nilpotent 
Lie group admitting a basis of left invariant 1-forms for which the coefficients in 
the structure equations are rational numbers, and T is a lattice in G of maximal 
rank (i.e., a discrete uniform subgroup, cf. We will let T act on G on the left. 

It is well known that such a lattice T exists in G if and only if the Lie algebra g 
of G has a rational structure, i.e. if there exists a rational Lie subalgebra 0q such 
that g = Qq ® M. 

The de Rham cohomology of a compact nilmanifold can be computed by means 
of the cohomology of the Lie algebra of the corresponding nilpotent Lie group 
(Nomizu's Theorem 0). 

We assume that M has an invariant complex structure J, that is to say that J 
comes from a (left invariant) complex structure J on g. 

Our aim is to relate the Dolbeault cohomology of M with the cohomology ring 
H1'*(q c ) of the differential bigraded algebra A*'*(g c )*, associated to g c with respect 

to the operator d in the canonical decomposition d = d + d on A*^*(g c )*. 

The study of the Dolbeault cohomology of nilmanifolds with an invariant complex 
structure is motivated by the fact that the latter provided the first known examples 
of compact symplectic manifolds which do not admit any Kahler structure fl|, p| p8|. 

Since there exists a natural map 

i:H*'*( c )^H^*(M) 

which is always injective (cf. Lemma 7), the problem we will study is to see for 
which complex structure J on M the above map gives an isomorphism 

if«(M)S*fl*V). (1) 
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Note that H^*(g c ) can be identified with the cohomology of the Dolbeault complex 
of the forms on G which are invariant by the left action of G (we shall call them 
briefly G-invariant forms) and H~*(M) with the cohomology of the Dolbeault 
complex of T-invariant forms on G. We shall use these identifications throughout 
this note. 

Our main result is the following 

Theorem A The isomorphism holds on an open set of any connected component 
of the moduli space C(g) of invariant complex structures on M . 

To obtain Theorem A we first consider the case of complex structures J which 
are rational, i.e. they are compatible with the rational structure of G {J{gq) C jjq). 

Theorem B For any rational complex structure J, the isomorphism (Qj holds. 

It is an open problem whether the isomorphism (1) holds for any compact nil- 
manifold endowed with an arbitrary invariant complex structure. We do not know 
examples for which (1) does not hold. 

Theorem A will follow from Theorem B using the theory of deformations of 
complex structures ]l3|, |6). Indeed by Q the set C(g) of complex structures on 
g is at least infinitesimally a complex variety. Using the theory of deformations 
of complex structures, we are able to prove that for any small deformation of a 
rational complex structure J, the isomorphism (Q) holds (Lemma 8). 

If M is a compact complex parallelisable nilmanifold, i.e., G is a nilpotent complex 
Lie group and J is also right invariant, we have that gj = g z and Theorem B follows 
from p5| , Theorem 1]. 

An important class of complex structures is given by the abelian ones (i.e. those 
satisfying the condition [JX,JY] = [X,Y], for any X,Y e Q [§, §]). The nil- 
manifolds with an abelian complex structure are to some extent dual to complex 
parallelisable nilmanifolds: indeed, in the complex parallelisable case 

dX 1 ' c A 2 ' , 

and in the abelian case 

dX 1 ' c A 1,1 , 

where X p ' q denotes the space of (p, g)-forms on g. In this last case we will compute 
the minimal model of the Dolbeault cohomology of M and prove that the isomor- 
phism (|l|) holds for any abelian complex structure. In j(| was proved a similar result 
for the Dolbeault cohomology of M endowed with a nilpotent complex structure, 
which is a slight generalization of the abelian one. 

Note that, however, if M is a complex solvmanifold G/T (with G a solvable not 
nilpotent Lie group), the isomorphism ([!]) does not hold in general, as shown in Jl5[ ; 
a discussion of the behaviour of the Dolbcult cohomology of homegeneous mani- 
folds under group actions can be found in If G is a compact even dimensional 
(semisimple) Lie group endowed with a left invariant complex structure, the Dol- 
beault cohomology of G does not arise from just invariant classes, as the example 
in |^2j shows. 

This paper is organized as follows. 

In Section |[ following Q, we define a descending series of subalgebras {flj} 
(with q°j = g and g} +1 = {0}) for the Lie algebra g associated to the complex 
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structure J. In general, the subalgebra q 1 j is not a rational subalgebra of 0j • If 
J is rational, any jjj is rational in Qj. 

The importance of this series is twofold. 
First (Section 0), in the case that the subalgebra Qj is rational in g 1 ^ 1 (in particular 
if J is rational), it allows us to define a set of holomorphic fibrations of nilmanifolds: 
po : M = G/T -> G°y 1 /p (r), with standard fibre G l j/T l , 

p s _i : G^/T 8 " 1 -> Gy" 1, '/p J ,_i(r*- 1 ) with standard fibre G s 7 /T s . 
For the above fibrations we will consider the associated Borel spectral sequence 
(E r ,d r ) (H, Appendix II by A. Borel, Theorem 2.1], @ 0]), which relates the 
Dolbeault cohomology of each total space with the Dolbeault cohomology of each 
base and fibre. 

Secondly (Section ||) following |24|], we will prove that one can choose a basis of 
(l,0)-forms (and also (0, l)-forms) on g which is compatible with the above de- 
scending series. This basis will give a basis of Gj~ ^-invariant (l,0)-forms on the 
nilmanifolds G\~ '* /pi—iQ?* -1 ) and of Gj-invariant (1, 0)-forms on the nilmanifolds 
G i J /T i ,i = 0,...,s. 

Next, in Section || we consider a spectral sequence (E r ,d r ) concerning the G l y x - 
invariant Dolbeault cohomology of each total space Gj _1 /T 1-1 , the Gj -1 ^-invariant 
Dolbeault cohomology each base G l J l1 jpi-\{T l ~ x ) and the Gj-invariant Dolbeault 
cohomology of each fibre Gj/r\ In this way (E ri d r ) is relative to the Dolbeault 
cohomologies of the Lie algebras g l j, Q l f l and q 1 j ~ 1 /q 1 j . Note that the latter are the 
underlying Lie algebras of the fibre, the total space and the base, respectively, of 
the above holomorphic fibrations. 

In Section [sj we compare the spectral sequence (E r: d r ) with the Borel spectral 
sequence (E r ,d r ). Inductively (starting with i — s) these two spectral sequences 
allow us to give isomorphisms between the Dolbeault cohomologies of the total 
spaces and the one of the corresponding Lie algebras. The last step gives Theorem 
B. 

Note that our construction of this set of holomorphic fibrations is in the same 
vein as principal holomorphic torus towers, introduced by Barth and Otte Q. In 
some cases, like the one of abelian complex structures, G/T is really a principal 
holomorphic torus tower. 

In Section [?] we will give a proof of Theorem A. 

In Section |^ we give examples of compact nilmanifolds with non rational complex 
structures. 

We wish to thank Prof. Simon Salamon for the great deal of suggestions he gave 
us and his constant encouragement. We are also grateful to Prof. Isabel Dotti for 
useful conversations and the hospitality at the FaMAF of Cordoba (Argentina). 

2. A DESCENDING SERIES ASSOCIATED TO THE COMPLEX STRUCTURE 

We recall that, since G is (s + l)-step nilpotent, one has the descending central 
series {g l }i>o, where 

= 0° 2 1 = [0,0] 2 2 = [0\0] 2 ... 2 s 2 S+1 = {0}. (D) 
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We define the following subspaces of 

Note that jjj is J -invariant. 
Lemma 1. 

(1) Qj is an ideal of 0j _1 - 

(2) is an abelian algebra. 

(3) Qj is an abelian ideal offlj -1 . 

Proof. 

(1) For any X = X 1 + JX 2 G fl'j -1 and F = y t + JF 2 G g* 7 (with X t G g^ 1 and 
^A: G l ); we have that 

[X, Y] = [XuYt] + [X U JY 2 ] + [JX 2 ,Y ± ] + [JX 2 , JY 2 }. 

We can easily see that [Xi, Yi], [X\, JY 2 ] and [JX 2 ,Y\\ belong to g l by definition of 
the descending central series. Moreover [JX 2 , JY 2 ] belongs to 0j because J satisfies 
an integrability condition, namely the Nijenhuis tensor N of J, given by 

N(Z, W) = [Z, W] + J[JZ, W] + J[Z, JW] - [JZ, JW], Z,W G fl, 

must be zero p0[ . 

(2) For any X = X\ + JX 2 , Y = Y\ + JY 2 elements of 1 / 1 we have that 

[X + g*,,Y + flS] = [XuYi] + [X u JY 2 ] + [JX 2 , Y x ] + [JX 2 , JY 2 ] + q],. 

Then using the same argument as in (1) it follows that [X + g l j, Y + g* 7 ] = g 7 . 

(3) Using the fact that g s is central (i.e. [g s , g] = 0) and that TV — it is possible 
to prove that [X, Y] vanishes for any X, Y G g s j. □ 

Observe moreover that any gj is nilpotent. 
Hence we have the descending series 

= 0°/ 3 1 / 2 & 2 j 2 ... 2 0} 2 s / 1 = {0}. (DJ) 

Remark 1. The first inclusion gj C g is always strict Corollary 1.4]. 
Observe also that in case of complex parallelisable nilmanifolds ||| , the filtration 
{g* } coincides with the descending central series {g 1 } and then the {g*} are rational. 
In general, given a rational structure gq f° r 0! we sa Y that a R-subspace t) of g is 
rational if f) is the R-span of \)q = t)(lQQ. In general g j is not a rational subalgebra of 
g. When J is rational, it is possible to prove that 0j is rational in 0j ■ Indeed, we 
have that g l is rational in g l_1 . Then g l = R— span{g* flg^ 1 }. Since Jtfq 1 C g^" 1 
it follows that g l } — R— span-j^gjiHg^ -1 }. Moreover when J is abelian, g* 7 is an ideal 
of g, for any i and the center 

01 = {XG0| [X,g] = 0} 

is a rational J-invariant ideal of 0. 
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3. HOLOMORPHIC FIBRATIONS AND BOREL SPECTRAL SEQUENCES 

In this section we suppose that the complex structure J is rational and we 
associate a set of holomorphic fibrations to the above descending series. We recall 
that a holomorphic fibre bundle tt : T — » B is a a holomorphic map between the 
complex manifolds T and B, which is locally trivial, whose typical fibre F is a 
complex manifold and such that the transition functions are holomorphic. By 
definition the structure group (i.e. the group of holomorphic automorphisms of the 
typical fibre) is a complex Lie group. 

To define the above fibrations, we consider first the surjective homomorphism 

for each i = 1, . . . , s. If Gj -1 and Gj -1 ' 1 denote the simply connected nilpotent 
Lie group corresponding to g^ -1 and 0j _1 /0j respectively, we have the surjective 
homomorphism 

i ■ 1 - (■., ■ 

We define inductively Gj to be the fibre of pi-\. Remark that the Lie algebra of 

&j is Q]j. 

Given the uniform discrete subgroup T of G = G , we consider the continuous 
surjective map 

po : G/r -> g°// Po (t). 

Since J is rational, Qj is a rational subalgebra of g, then T 1 := L n Gj is a uniform 
discrete subgroup of Gj |?], Theorem 5.1.11]. Then, by |7|, Lemma 5.1.4 (a)], Pq(T) 
is a a uniform discrete subgroup of Gj 1 (i.e. Gj ,:L /po(r) is compact, cf. Q). 
Note moreover that Gj is simply connected. This follows from the homotopy exact 
sequence of the fibering p$. Indeed we have 

. - n 2 (GY) = (e) - ^(G)) - 7n(G) = (e) - . . . 

Finally it is not difficult to see that G j is connected. Indeed, if G is the connected 
component of the identity in Gj, id: G — > G induces a covering homomorphism 
G/G -> G/G^ G / 1 which must be the identity, since G / S Thus G = G, 1 ;. 

Now one can repeat the same construction for any i, since g j is a rational ideal 
of g j ~ . So, for any i = 1, . . . , s we have a map 

p,_r : G7VF 1 - 1 -> G^-^Vft-iCr*- 1 ). 

Lemma 2. : Gj _1 /F J_1 — > G 4 7 _1 ' 4 /K-i(r 4_1 ) is a holomorphic fibre bundle. 



Proof. Observe first that Pi-i is the induced map of pi—i taking quotients of discrete 
subgroups. The tangent map of pi-x 

0,7 -> 0J /0,7 

is J-invariant. Thus pi-\ is a holomorphic submersion. In particular it is a holo- 
morphic family of compact complex manifolds in the terminology of |l3|] (see also 
(27)). The fibres of Pi-\ are all holomorphically equivalent to G l j/T l (the typical 
fibre). Thus a theorem of Grauert and Fisher [^) applies, implying that p~i-i is a 
holomorphic fibre bundle. □ 

Note that G^ 1 /T 1 ' 1 , G l j/T\ Gy M /Pi-i(r i_1 ) are compact connected nilmani- 
folds. 
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Given a holomorphic fibre bundle it is possible to construct the associated Borel 
spectral sequence, that relates the Dolbeault cohomology of the total space T with 
that of the basis B and of the fibre F. We will need the following Theorem (which 
follows from Q Appendix II by A. Borel, Theorem 2.1] and Q). 

Theorem 3. Letp : T — > B be a holomorphic fibre bundle, with compact connected 
fibre F and T and B connected. Assume that either 
(I) F is Kahler 
or 

(F) the scalar cohomology bundle 

n^(F)=\Jiq>"(p- 1 (b)) 

is trivial. 

Then there exists a spectral sequence (E r , d r ), (r > 0) with the following prop- 
erties: 

(i) E r is 4-graded by the fibre degree, the base degree and the type. Let P'iE™' v be 
the subspace of elements of E r of type (p, q), fibre degree u and base degree v. We 
have p-QE™ ,v = 0ifp + q^u + v or if one of p, q, u, v is negative. The differential 
d r maps p > q E?' v into p,q+i E? +r > v - r+1 _ 

(ii) Ifp + q = u + v 

v,q E u,v ^Y^Hb u - k {B)®Hl- k > q ~ u+k (F). 

k 

(Hi) The spectral sequence converges to H-g(T). 

4. An adapted basis of (1,0)-forms 

In this section we prove that one can choose a basis of (l,0)-forms on g which 
is compatible with the descending series (DJ). We consider, like in |2^| , some 
subspaces Vi (i = 0, . . . , s + 1) of V := {T e G)* = g*, that determine a series, which 
is related to the descending central series (D). 
Indeed we define: 

V = {0} 

V 1 = {aeV\da = 0} 

V t = {aEV\dae A 2 V^_i} 

V s+1 = V. 

Note that Vi is the annihilator (g 1 ) of the subspace g l and that {0} = Vq C V% C 
. .. C V s+1 = V @, Lemma 1.1]. 

If we now let (g 1 ;) PI A 1 ' =: V i ' , by j2^, Lemma 1.2] we have that there exists a 
basis of (l,0)-forms {u>i, . . . u> n } such that if uii e V i ' then dun belongs to the ideal 
(in (fl C )*) generated by |2^, Theorem 1.3]. In particular there exists at least 
a closed (l,0)-form (this implies Remark 1). 
Moreover we have the following isomorphisms: 

(0.7 IQj) =Vi /V i l x ®V i /Vi, i = l, ...,s, 
where T^ ' 1 is the conjugate of V/' . 
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With respect to the subspaces V^' the above basis can be ordered as follows (we 
let n t := dim c g* 7 ): 

wi, . . . ,oj n - ni are elements of V 1 ' (such that dui = 0) or q/Qj is the real vector 
space underlying V 1 ' ; 

Wn-ni+ii ■ • ■ ,^n-n 2 are elements of V^ 1 '°\y i 1 ' or flj/flj ^ s tne rea ^ vec tor space 
underlying the quotient V 2 ' /V 1 ' ; 

w„_„ s _ 1+ i, . . . , ui n -n s are elements of Vj-'^V^; 
w„_„ t +i, ... , w„ are elements of A 1 ' n \y s 1 ' . 

Here ' \V^^j denotes a complement of V i ^ 1 in (which corresponds to the 
choice of a complement of Qj in flj -1 )- 

Hence, by definition, the elements of V r i 1 ' \T^^ ( J and, by identification, the elements 
of the quotient V^'°/V^, are (l,0)-forms on g which vanish on 0j. So they may 
be identified with forms on the quotient 
In this way we can consider: 

- the elements of A 1 - /^ 1,0 = V^'° /V^° @V^° /V 2 '° ® . . .®\ lfi /V}'° as (l,0)-forms 
on fl 1 ;, 

- the elements of /V^[ = V}'° /V^ ® \ 1,0 /V}'° as (l,0)-forms on g^ 1 and 

- the elements of X 1 ' /V}'° as (l,0)-forms on g s j. 

Thus we can prove a Lemma on the existence of a basis of (1, 0) forms on g related 
to the series (DJ). 

Lemma 4. It is possible to choose a basis of (1,0)- forms on g such that (with 
respect to the order of before) {u) n - ni _ 1+ i, . . .u n - ni , . . .co n } is a basis of (1,0)- 
forms on gj _1 . Moreover we can consider (up to identifications) {w„_„ i+ i, . . . Lu n } 
as forms on q 1 j and {w n _ n( _ 1 +i, . . . w„- ni } as forms on q 1 7 1 /g i J . 

Proof. By the above arguments, for any i = 1,... ,s + l, it is possible to choose 
a basis of (l,0)-forms on g 4 / 1 as elements of A 1 ' /^ = A 1 - /!//' © V>'° /V^. 
With respect to the above decomposition the forms on X 1 '°/V i ' can be identified 
with forms on g l j extended by zero on gj _1 and the forms on V i ' /V i ^ 1 with forms 
on g t J~ 1 /Bj, because these forms vanish on gj. □ 

Remark 2. duji, i = n — m-i + 1, . . . ,n — rii belongs to the ideal generated by 
{oji, 1 = 1,... ,n- rii-i}. 

Remark 3. If J is abelian it is possible to choose a basis of (1, 0)-forms {wi, . . . , iv n } 
on g such that 

duji £ A 2 (u>i, . . . ,u>i-i,uJi, . . . n A 1 ' 1 . 

5. A SPECTRAL SEQUENCE FOR THE COMPLEX OF INVARIANT FORMS 

We construct a spectral sequence p>4E™> v for the complexes of G s f ^invariant 
forms on Gj~ 1 /T s ~ 1 whose Dolbeault cohomology identifies with Hq((q S j~ ) c ). To 
do this, we give a filtration of the complex A t = ©Af ' 9 of differential forms of type 
(p,q) on t = fl'/ 1 . 

We know from Lemma 4 that there exists a basis of (l,0)-forms <jj l h on t (and of 
(0, l)-forms ZJ l h ) such that part of them are (1, 0)-forms w° onb = and part 
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are forms oj' k on f = Qj. We define 

L k '■= {lo 1 G At | lu 1 is a sum of monomials 

ujj A tUj A uj\, A w f 7 , in which |/| + \J\> k}, 

where \A\ denotes the number of elements of the finite set A. 
Note that Lq — A t and that 

Lk = for k > dimR b, 
L k Z)L k+ i, dltCLk, k>0 

The above shows that {L k } defines a bounded decreasing filtration of the differential 
module (At, d). 
Of course 

L k = P ' 9L k , where ™L k = L k n Af '« 

and the filtration is compatible with the bigrading provided by the type (and also 
with the total degree). 

Recall that, by definition (see e.g. H|) 

p.qj^u.v r 

r ~ PAZ U+ }' V ~ l +P,QB U ' V , ' 
r— 1 1 r— 1 

where 

P , qZ u,v = p,vl u (A? +v ) n kera(P^+ 1 L tl+r (A t " +1 ' +1 )) 

v ,q B u.v = p,qI u Ia^+ v ) n 9(f-«- 1 Z„ +r (A'f +1 '- 1 )) 

Moreover (cf. 0) 

P. 9 f. 

p - q L u+1 

where we denote by p^E^ ,v and p,q E™ the spaces of elements of type (p, q) and total 



degree u + v and degree u respectively in the grading defined by the filtration. 
Note also that an element of L k identifies with an clement of J2c+d>k 

Lemma 5. Given the holomorphic Gbration 

G yl /T i-1 G *-M /p ._ l(r i-l ); 

with standard fibre Gj/T l , the spectral sequence (E r ,d r ) (r > 0) converges to 

P.^s2^- fc (( fl »jrVflS) c )®^-*' , -^*((fl < J ) C )- 

Proof. The fact that (E r ,d r ) converges to 7%((jjj~ ) c ) is a general property of 
spectral sequences associated to filtered complexes (cf. Q). 

Let [lj] e p ' q E% = p P g | £ ^ ■ We compute the differential d : p^E^ -> p^+^q 

defined by do [u] — [du>] . We can write (up the above identifications) to = w j A 
SJjAwJ, AaJj, where |J| + |J| = it (because we operate mod L M +i), and |/'| + |J'| = 
p + q — u, since |/'| + | J'| + |7| + | J| = p + q. Moreover, using the fact that d sends 
forms in b on forms that either are in b or vanish on b (cf. Remark 2) and that b 
is abelian, we get 

dw = J^dbi^i A^5) A {uj\, Aoj\,,) + (-f) s (w? A tUj) A d(u>\, AZJ f 7 ,) = 
= (~l) s (ujj AUj) A9f(Wj/ AuJj,) mod L u+1 , 
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where <9(, and df denote the differential on the complexes A(, and A«, respectively. 
Thus 

JoM = [dfu], 

which implies 

P,9E» Si Hf k ' q - u+k (f) ® A^ fe . (jfcl) 

k 

Performing the same proof as in fll2[ Appendix II by Borel, Section 6] and using 
the fact that b is abelian, it is possible to prove that d\ identifies with d via the 
above isomorphism and that we have 

P , q gu s ^^*.«- fc (5C) 8 ^-fc,«-tH-fc(jC)( S ^ A M-fc (gfl |-fc,«-»+fc(jC^ < (fc2) 
ft 



□ 



6. Proof of Theorem B 

First we note that Theorem B is trivially true if the nilmanifold comes from an 
abelian group, i.e., it is a complex torus. Namely, if A/T is a complex torus we 
have 

H^A/T) = ff> c ). (a) 
We consider the holomorphic fibrations 

G'j/V — G s j- X /T*- 1 -» G^-^Vp.-!^- 1 ) 

cyr 1 - G/r - G°yVpo(r). 

The aim is to obtain informations about the Dolbeault cohomology of G/r induc- 
tively through the Dolbeault cohomologies of Gj /T l (the nilmanifolds G j /T l play 
alternately the roles of fibres and total spaces of the above fibre bundles). Note 
that since the bases are complex tori, Hg(G"~ /pi_i(r j_1 ) = i%((0 i_1 /fl l ) )• 

To this purpose we will associate to these fibrations two spectral sequences. 
The first is a version of the Borel spectral sequence (considered in Section |^) which 
relates the Dolbeault cohomologies of the total spaces with those of fibres and bases. 
The second is the spectral sequence (E r ,d r ) (constructed in the previous Section) 
relative to the Dolbeault cohomologies of the Lie algebras 0*,fl <_ , l ~ 1 /0 t - 

We will proceed inductively on the index i in the descending series (DJ), starting 
from i = s. 

First inductive step. Let us use the holomorphic fibre bundle 
p 5 _! : G'j^/T- 1 - G s j- l ' s /p s ^{T s - 1 ) 
with typical fibre Gj /V s . 

Recall (cf. Lemma 1) that Gj/r s and G^~ ,s /p s _i(r s_1 ) are complex tori. Thus 
by (a) 

S-siG'j/T') £ H^tfjf) (s) 
H-siG'j- 1 "/?.-!?'-!)) S H^J- l /a'j) c ). (s, s 1) 

Applying Theorem 3 (since the fibre Gj/T s is Kahler) and using (s) and (s, s — 1), 
we get 

M ^e^fl-*.«-*(( fl 3r 1 /flS) c )®fi|" fc,, ~ ,,+ *((flj) c )- (*0 

k 
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Next we use the spectral sequence (E r ,d r ). Note that the inclusion between 
the Dolbeault complex of Gj -invariant forms on Cy 1 /r s_1 and the forms on 
Gj _1 /r s _1 , induces an inclusion of each term in the spectral sequences 

(which is actually a morphism of spectral sequences). 

By Lemma 5, for i = s, we have that (E r ,d r ) converges to H-g((g s y 1 ) c ) and 

^^flJ«-»(( g '-V 8 J)«:)8^-^((8')C). (Is) 

k 

Comparing (Is) with (Is), we get that E2 = E2, hence the spectral sequences 
(E r ,d r ) and (E r ,d r ) converge to the same cohomologies. Thus 

H-giG'J- 1 /^- 1 ) = H-g^f). (s-l) 
General inductive step. We use the holomorphic hbre bundle 

vi-x : (Pj 1 /!*- 1 -> cy^/p^r- 1 ) 

with typical fibre Gj/r\ We assume inductively that 

H^cy/r) s %((sS) c )- W 

Lemma 6. The scalar cohomology bundle 

H"^(Gyr) = |J H% v (pr\(b)) 
be&j- 1 '* M-i(r*) 

is trivial. 

Proof. By Section 5, formula 5.3] there exists a locally finite covering {[/;} of 
Gj~ '*/Pi— i(r* -1 ) such that the action of the structure group of the holomorphic 
fiber bundle on Ui P\(G l j/T l ) is the differential of the change of complex coordinates 
on the fibre, so one can restrict oneself to consider the left translation by elements of 
Gy 1 as change of coordinates. Then the scalar cohomology bundle H u ' v (G l j/T l ) is 
trivial since any of its fibres is canonically isomorphic to i^-((gj) c ). More explicitly, 
a global frame for H u ' v (G l j /T l ) is given as follows: for any cohomology class 

« e H^(pr\(l)) = H^(G*j/r) - H^((tif), 

(1: identity element of G*j '7pi_i(P)) one can take the corresponding cohomol- 
ogy class ui £ H^ v {{q 1 j) C ) an d regard it as a Gj _1 -invariant differential form on 
G»-i/r*-i. Tmis 6 1 — ^ w|.-i i(6) gives a global holomorphic section of n u > v (G^ /!*) . 

Taking a basis of Hq((qj) c ) one gets a global holomorphic frame of H u,t '(G j/r l ). 

□ 

Thus the assumption (F) in Theorem 3 is fulfilled. 
Observe moreover that, since Gj" 1 ' 4 /pi-\(V 1 ^ 1 ) is a complex torus, by (a), 

H^cy^/p^r-i)) - ^((flS-VflS) )- (M- 1) 

Hence, by Theorem 3, we have 

^^^^-'(^v^^fli-*''-^^). (/<) 

fc 
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Then we proceed exactly like in the first inductive step. Namely, we consider the 
spectral sequence P'iE™' v for the complexes of Gj _1 -invariant forms on Gj _1 /r j_1 
whose Dolbeault cohomology identifies with H-g((Q l f l ) c ). By Lemma 5 we have 
that (E r ,d r ) converges to iJg(({j^~ ) c ) and 

=E^ fe ((^VflS) c )®^r fe '^ u+fc ((flS) c )- (ii) 

k 

Using (Ii) and proceeding like in the first inductive step we get the proof of Theorem 
B. □ 



Remark on abelian complex structures. If the invariant structure J is 
abelian, the centre Qi is a rational J- invariant ideal of q (cf. Remark 1 in Section 

We give an alternative (and simpler) proof of that given in |5| in the abelian 
case. In the same vein of |2l| wc consider the principal holomorphic fibre bundle 

G/T -» G/iTG,), 

with typical fibre G\/{T n Gi) = TG\/Gi (where G\ is the simply connected Lie 
group corresponding to fli). 

First we can consider the Borel spectral sequence (E r ,d r ) associated to the Dol- 
beault complex A*'* (G/T) (cf. Theorem 3) and a spectral sequence (Er: d r ) associ- 
ated to A*'*(g) c and constructed like in Section||. As to the latter spectral sequence 
(E r , d r ), observe that it is possible to prove that there exists a basis {u>%, ■ ■ ■ , 
of (1, 0)- forms on g such that {u>i, . . . , w n -k} is a basis on g/gi (with dim gi = 2k) 
and {u n -k+i, . . . ,w„} is a basis on Qi. So one can perform the same construction 
as in Section || (with t = g, b = g/gi and f = Qi), using the fact that f is abelian. 
Thus one gets 

- ]Tl^ u - fe ((0/0i) C ) ® Hf k > q - u+k (( B if) 

k 

and (E r ,d r ) converges to Hg((g) c ). 

Moreover, since G\/T n G\ and G/(TGi) are complex torus, Hg(Gi/T n G\) = 
Hg(( 3l f) and HgiG/iTd) ^ ^(( / g i) c ) , so by Theorem 3 we have 

P , qE u,v s H~ u ~ k (G / (TGi)) ® HP~ k - q - u+k (( Ql f). 

k 

This implies that Theorem B holds also for complex abelian structures. 

Next we construct a minimal model for the Dolbeault cohomology of a nilmani- 
fold endowed with an abelian complex structure. 

Recall that a model for the Dolbeault cohomology of M is a differential bigraded 
algebra (M*'*,d) for which there exists a homomorphism p : M*'* — * A*'*(M) of 
differential bigraded algebras inducing an isomorphism p* on the respective Dol- 
beault cohomologies [fij). 

Suppose A4 is free on a vector space V. Then d is called decomposable if there 
is an ordered basis of V such that the differential d of any generator v of V can 
be expressed in terms of the elements of the basis preceding v. A model is called 
minimal if Ai is free and d is decomposable [^6| . 
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By H), in the abelian case, there exists a basis {u>i, . . . , u> n } of (1, 0)-forms on 
g such that 

duji = 2J Af* w j A ^fe; i = 1, . . . ,n. (m) 

j<fc<i 

Thus, by Theorem B and (m), (A*'*(g c ), <9) is a minimal model for the Dolbeault 
cohomology of G/Y. 

7. Proof of Theorem A 

Let 

C(q) = {J £ End{g) \ J 2 = -id, [JX, JY] = [X, Y] + J[JX, Y] + J[X, JY]} 

denote the set of complex structures on g. We will use the same notation as in [Q. 
If M = G/Y is a nilmanifold associated to g, then 

- HomiX 1 ' , A 0,1 ) ^ Hom{\ 10 , A 0,2 ) 4 . . . £ liomtA 1 ' , A '") - 

is a subcomplex of the Dolbeault complex of M tensored with the holomorphic 
tangent bundle T 1,0 M. The Kernel K of d acting on HomlX 1 ' , A 1 ' ) can be 
identified with the subspace of invariant classes in the sheaf cohomology space 
JZ" 1 (M,0(T)). By j24|, Proposition 4.1] if J is a smooth point of C(&), then the 
tangent space TjC(g) to C(g) is contained in the complex subspace of TjC (where 
C = GL(2n,M.)/GL(n,C) is the set of all almost complex structures on g) deter- 
mined by K — ker d. 

By the above section we know that if Jo is a rational complex structure, then 
H^ q {M) = Hl' q (g c ). Given J £ C(g), we know by Jl| there exists a complete 
complex analytic family {M t = (M, J t ) | J t £ B}. 

Let 9t and A t be respectively the 9-operator and the Laplacian determined 
by the global inner product g t induced by an invariant Hermitian metric on M 
compatible with J t . More precisely, 

A t = d* t d t + d t d* t , 

where d t is the adjoint of dt with respect to gt- 

Lemma 7. i) A t sends G-invariant forms of type (p, q) to G-invariants forms. 
Moreover, the orthogonal complement with respect to gt of the invariant forms on 
the space Af' 9 of Y -invariant forms of type (p, q) on (M, Jt) is preserved by At- 

H) H^ q (g c ) is a subspace of H^ q (M), for any invariant complex structure J on 
M. 

Proof, i) follows by the fact that dt and d t preserve G-invariant forms, 
ii) We have to prove that there exists an injective homomorphism 

tt : if V) - flf' 9 (M). 

By the decomposition 

W-.q = n p-,q Im g Imd* , 

where Tl p ' q denotes the space of T-invariant harmonic forms of type (p, q) on M, 
we have similarly, for the G-invariant forms, the decomposition 

Knv = 'Kl © Imd\ mv © Imd*\ mv , 

where if 9 (fl c )=?C,- 
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We can define Tr(u>) as the orthogonal projection of u> on TC p,q = (Imd® Imd )" L , 
for any [u] £ _ff£' 9 (g c ). To prove that tt is injective, suppose that ir(ui) = on 

H^ q (M). Then n(uo) — dp. We may assume that ip belongs to the orthogonal 
complement to the G-invariant forms. Since dp is G- invariant we have that also 
d {dip) is invariant and then the inner product of ip with d (dip) is zero and thus 
ip must be G-invariant, i.e. [u] — in H^' q (g c ). 

Lemma 8. For any small deformation of the rational complex structure J the 
isomorphism M) holds. 



Proof. Using the same proof as in |13, p. 67-68] it is possible to show that for any 
(p, q) and on any (M, J t ) there exists a complete orthonormal set of forms of type 
(p, q) orthogonal to the G-invariant ones 

r p,q . fP.q . p,q } 

t e ti i ■ ■ ■ ) Jti ' ■ ■ ■ ' y*i > • • • / 

such that 

(i) A t efj 9 = 0, for any j = 1, . . . , d q , d q = dimH^ 9 (where H^' 9 is the space of 
harmonic forms of type (p, q) orthogonal to the G-invariant ones). 

(ii) A t ffi q = ^ q (t)f!f; 

(hi) A t g™ = a™-\t)g™; with af(t) > 0. 

Let c be a positive constant and denote by v p ' q (t) the number of eigenvalues 
a P ' q (t) of A t such that a P ' q (t) < c. Let A P ' q (c)± be the subspace spanned by the 
eigenforms of A t (orthogonal to the G-invariant ones) such that the corresponding 
eigenvalues are less than c. Thus we have 

diraA p ' q (c) ± = hp^t) 1 - + i/M(t) + v p ' q ~ 1 {t), 
where h Ptq (t) is the dimension of the orthogonal complement H^ q (M t ) 1 - of the 
space of G-invariant forms H-^' q (g c ) in H^' q (M t ). Given a point J to G C(g), we can 
choose c such that < c < a P ' q (t ) for any p, q = 0, . . . , n and for any j. Moreover 
let U be a sufficiently small neighbourhood of to in C(g). Since any eigenvalue a p ' q (t) 
is a continuous function of t jl3|, Theorem 2, p. 47] we have that the dimension of 
Af 9 (c) ± is independent of t e U and A£ 8 (c)_l = H^ q (M to )^. Thus we have 

hp^t) 1 - + v p - q {t) + ^ q -\t) = hp.qito)^, 

for any f £ [/. This means that the function h p q (t)^ is upper semicontinuous. Since 
for any rational complex structure Jo, we have that h Ptq (t[j)^ = 0, so hp^t) 1 - = 
in some neighbourhood of to. Consequently the set 

{t G C( S ) | hp^t) 1 - = 0} = {t e C(b) | H*<*(M t ) = H1*(q c )} 

is a open set in any connected component of C(g) (with respect to the induced 
topology of g[(2n,R) on C(q)). 

8. Examples of compact nimanifolds with non rational complex 

structures 

Let M = r \ G be the Iwasawa manifold. Recall that it can be constructed by 
taking as nilpotent Lie group G the complex Heisenberg group 

1,2,3 







Zl 






-1 


[(: 


1 


?) 


: 2, G C, i 














14 



SERGIO CONSOLE AND ANNA FINO 



and, as lattice T, the subgroup of G consisting of those matrices whose entries 
are Gaussian integers. It is known that the 1-forms uj\ — dz , uj% — dz2,toz = 
dz3 + zidz2, are left invariant on G. G has structure equations 

du>i = du>2 = 0, dais = u>i A u>2- 

If one regards G as a real Lie group and sets 

QJi=:e 1 +ie 2 , uo 2 -■ e 3 + ie 4 , cu 3 =: e 5 + ie 6 (2) 

then (e 1 ) is a real basis of g* such that: 

( de l = 0, 1 < i < 4, 

1 de 5 = e 1 Ae 3 + e 4 Ae 2 , 
[ de 6 = e 1 Ae 4 + e 2 A e 3 . 

By , the bi- invariant complex structure Jo defined by (2) on the complex Heisen- 
berg group has a deformation space of positive dimension. Then the complex struc- 
ture associated to the subspace 

< Ux, 0J2, ^3 + tU>x > 

of belongs to the orbit of Jo in C(g) with respect the group of automorphisms 
of g (see |24|, Section 4]) and it is not rational for appropriate t 6 C. 

In the same way one can see that every compact nilmanifold M = G/T of real 
dimension 2n, with at least one (rational) complex structure Jo having a non trivial 
deformation, has a non rational complex structure. Indeed, by |24|, Theorem 1.3], 
given the complex structure Jo it is possible to construct a basis of left invariant 
(l,0)-forms {u>x, ■ • ■ ,w„} such that du>i+\ belongs to the ideal generated by the 
set {u>x, . . . , uJi] (i = 0, . . . ,n — l) in the complexified exterior algebra. Then the 
complex structure associated to the subspace 

< LOx,-- ■ ,LO n + tQi > 

is a not rational complex structure on M for appropriate t 6 C. 
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